By analyzing entangled photon states in terms of high-dimensional spatial mode superpositions, it becomes feasible to expose high-dimensional entanglement, and even the nonlocality of twin photons. To this end, a proper analyzer should be designed that is capable of handling a large number of spatial modes, while still being convenient to use in an experiment. We compare two variants of a high-dimensional spatial mode analyzer on the basis of classical and quantum considerations. These analyzers have been tested in classical optical experiments.
I. INTRODUCTION
The twin photons generated in spontaneous parametric down-conversion ͑SPDC͒ exhibit strong quantum correlations and nonlocality with respect to several observables, such as polarization ͓1͔ and time ͓2͔. Vaziri et al. ͓3͔ showed that the photons are also entangled with respect to their orbital angular momentum degree of freedom, in a landmark experiment involving a couple of low-order orbital angular momentum states. This experiment opened up the field of high-dimensional entanglement employing the spatial degrees of freedom of the photon field ͓4,5͔. Recently, it has been predicted that in such schemes a huge number of transverse modes participate in this spatial entanglement, in a standard nonlinear crystal and pump beam configuration ͓6͔. An important question that arises then is how to expose this high-dimensional spatial entanglement in an experiment. The clear-cut way of a multiport approach ͓4,7͔, where the content of the entangled mode is split and sorted ͓8,9͔, obviously becomes impractical when the number of entangled modes is larger than ten or so. An alternative approach involves the use of just two spatially complex mode analyzers that analyze the entangled state in terms of specific highdimensional superpositions ͓10͔. Using such mode analyzers, we have recently performed an experiment whereby we indeed established the high-dimensional entanglement of many spatial modes ͓11͔. Additionally, we have proposed a method that exposes the nonlocality of the two-photon state in many two-dimensional subspaces of the full entangled space. The latter approach again involves high-dimensional spatial mode analyzers, but now in an interferometric variant ͓12͔.
The mode analyzers used in these schemes generally consist of three elements: ͑i͒ a space-variant phase-modifying element, ͑ii͒ a coupling lens, and ͑iii͒ a single-mode fiber. The last two act as a projector on the fundamental Gaussian mode. In the work reported so far ͓10͔, we have used a half-integer spiral phase plate ͓13-15͔ as the first element. Due to its spatially singular nature, it couples many different spatial modes to the fundamental Gaussian mode transmitted by the single-mode fiber. As a combination, the three elements form a spatial-mode filter for a specific highdimensional superposition of spatial modes, the properties of which are determined by the spiral phase plate.
Evidently, the spiral phase plate is the only nonstandard element of this analyzer, and we have discussed various aspects of such phase plates in some detail, in particular regarding their manufacturing ͓16͔. Our first aim in the present paper is to report on the practical use of spiral phase plates in high-dimensional spatial mode analyzers. The second aim is to introduce an alternative spatially singular phase plate which is much easier to manufacture and work with. Using classical-optical experiments, we will compare these two implementations.
II. THE TWO ANALYZERS
A schematic of the mode analyzers that are the subject of the present paper, is shown in Fig. 1 the complexity of a multimode input field so that all of the participating modes couple to the single output mode supported by the fiber. Conversely, following the wave fronts in a time-reversed way, they transform a single-mode input field into a multimode output field. The most general element that can perform this operation is a phase-amplitude hologram, i.e., a device that modifies both the transverse phase and amplitude distribution of the incident light to obtain an arbitrary light field. Equivalently, one may use a sequence of two phase holograms placed in each other's Fourier plane. In most cases, however, a single phase hologram is used; it can generate a wide, but somewhat less diverse, class of output states as compared to the phase-amplitude hologram. All spatial mode analyzers used so far in experiments on entanglement and sorting of orbital angular momentum contain a single phase hologram ͓8,9͔.
The phase hologram in the mode analyzer serves as a coupler between a single input mode and very many output modes that are all paraxial to the input mode. In other words, the numerical aperture of the output field should be relatively small, without limiting its dimensionality. This cannot be achieved efficiently by a gratinglike hologram, but instead requires a structure having a smooth spatial power spectrum. The simplest way to bring that about for the phase hologram, is to introduce a ͑nonperiodic͒ sharp spatial discontinuity in the retardation that it imprints. For the discontinuity in the phase retardation to be effective, it should differ from a multiple of 2.
The space-variant phase retarder most widely applied in the field of entanglement contains a point discontinuity in the form of a screw dislocation, such as the popular fork hologram ͓17,18͔. This particular device distributes the incident light into several diffraction orders, each with their own characteristic multimode content. By eliminating the spatial carrier frequency the fork hologram reduces to an integer spiral phase plate; this directs all the incident light toward one single output channel with a well-specified multimode content ͓13͔. For both the fork hologram and the integer spiral phase plate, the coupling bandwidth is generally modest; often it is assumed that it couples a Gaussian input mode with just one output mode. As we will discuss below, the coupling bandwidth can be vastly increased by replacing the screw dislocation by a mixed screw-edge dislocation. Such a device contains a line discontinuity in the phase retardation that ends in the screw dislocation. Figure 1 shows the high-dimensional mode analyzers that we will discuss in detail below. Since the single-mode fiber in the analyzer only allows the fundamental Gaussian mode to pass, the analyzer effectively serves as a projector. The mode projected to, which we will refer to as the analyzer mode, is a vast superposition of free-space modes. This analyzer mode is not invariant against propagation, as is a freespace mode.
A. Spiral phase plate
In Fig. 1͑a͒ , the phase-modifying element is a spiral phase plate ͑SPP͒, whose action on an incident field is given by
where u͑r , ͒ is the transverse amplitude distribution of the incident field at the SPP, in polar coordinates. The imprinted phase delay depends only on the azimuthal angle . The difference in phase shift at azimuthal angles 0 and 2 is equal to 2l, and the plate is thus characterized by the number l. This number quantifies the orbital angular momentum that the optical beam acquires by traversing the plate, i.e., the expectation value per photon equals lប.
For integer values of l, the SPP imprints a pure screw dislocation in the transverse phase distribution, while for noninteger values of l, the imprinted dislocation is of the mixed screw-edge type ͓19͔, as discussed elsewhere ͓10͔. In the latter case, the edge of the SPP provides a transverse axis that defines an orientation in the transverse plane. With a fundamental Gaussian incident on such a noninteger SPP, the output beam is in a superposition of a large number of Laguerre-Gaussian modes. After reorientation of the plate, the same Laguerre-Gaussian modes participate in the superposition, with exactly the same weight factors ͉C nm ͉, but the individual modes have acquired different phases with respect to each other. Thus, by changing ␣, the analyzer mode changes from one large superposition to another, equally large ͑but different͒ superposition,
where u nm
LG are the Laguerre-Gauss mode functions and the functions f nm that describe the relative phases depending on the orientation ␣ are left unspecified.
The use of a noninteger SPP has an added advantage. A phase retarder with a pure screw dislocation ͑integer l͒ transforms the fiber mode into a superposition with respect to only the radial mode number, while all field components have one and the same orbital angular momentum mode number ͓13͔. By using a mixed screw-edge dislocation ͑non-integer l͒, multiple orbital angular momentum modes will participate in the superposition, so that the total number of modes becomes very large in two ͑radial and angular͒ dimensions.
B. Heaviside phase plate
The step or Heaviside phase plate ͑HPP͒, shown in Fig.  1͑b͒ , shifts the phase of half of the transverse plane with respect to the other half. The step height, in terms of phase shift, is equal to 2l, where only noninteger values of l are interesting, since they introduce an edge dislocation in the transverse phase distribution. We note here that for a HPP, l does not have the same meaning as for the SPP. More to the point, for integer values of l, the HPP simply imposes a uniform phase shift on the transverse plane of the incident field, as opposed to the SPP, which, for any value of l 0, generates orbital angular momentum in the field. This seems to suggest that for the HPP, the integer part of l is irrelevant and can be taken arbitrarily large. This is not the case; the value of l should be sufficiently low that diffraction over a distance of l times the wavelength, is negligible.
When l is chosen to be exactly 1 / 2, the operation of such a plate on an incident field u͑x , y͒ ͑in Cartesian coordinates͒ can be written as ͑for x 0͒ u͑x,y͒ → sgn͑x͒u͑x,y͒,
͑3͒
where sgn͑x͒ is the sign or signum function. Aside from a factor −i, this operation corresponds to a Hilbert transform of the momentum distribution of the light at the location of the HPP ͓20,21͔. The analyzer that contains this phase plate projects the incident photon on the Hilbert transform of the fundamental Gaussian mode in momentum space.
Contrary to the mixed screw-edge dislocation of the SPP ͑Fig. 1͑a͒͒, the HPP imprints a pure edge dislocation. This dislocation line constitutes the transverse axis that defines the orientation of the plate in the transverse plane. The dislocation that is generated in the incident field ensures that very many, in principle infinite, higher-order transverse modes are transformed to couple into the single-mode fiber.
III. COINCIDENCE FRINGE IN A QUANTUM ENTANGLEMENT SETUP
The analyzers can be used to establish entanglement through measurement of the coincidence fringe as a function of the relative orientation of signal and idler phase plates. The setup is almost identical to the one used to establish polarization entanglement. In Fig. 2 we show such a typical SPDC setup. Two analyzers of the same type are chosen, the signal analyzer containing a plate with index l s = l and step angle at ␣ s , and the idler analyzer with a plate with index l i =−l and step angle at ␣ i . Since l s =−l i , the two phase plates are complementary.
Assuming perfect entanglement of the twin photons generated in SPDC, we can calculate the coincidence fringe as a function of the relative angle ␣ = ␣ s − ␣ i , for different values of the step index l of the phase plates ͓10͔. The resulting fringes are shown in Fig. 3͑a͒ , for the case that we use analyzers containing a SPP, while the results for analyzers with a HPP can be seen in Fig. 3͑b͒ . Quite naturally, the coincidence probability is seen to be independent of the integer part of the step index l, denoted by i in Fig. 3 . We observe that when l is not an integer, the fringes for both types of analyzers have a parabolic shape.
In view of the ubiquity of sinusoidal fringes, for instance in 2-beam wave front interferometry and 2D polarization entanglement, this parabolic shape is surprising. Apparently, it indicates that the entanglement that is probed has a dimensionality of higher than 2. Actually, the shape can be understood as follows: if the signal and idler phase plates were to be put in series, one directly behind the other, and if they had their edges parallel to each other, they, together, would form a plane parallel plate. Thus, an incident field would acquire a trivial overall phase shift. If, however, the two plates are oriented differently, the two edge dislocations define a pieshaped structure in the transverse plane, which is phase shifted with respect to the remainder of the transverse plane. The area of this phase-shifted region is linear in the relative orientation of the two phase plates. The intensity overlap will then be a quadratic function of the relative orientation of the two transverse axes, which leads to a parabolic coincidence fringe.
Figure 3 also shows that for the SPP, l =1/2+i, and for the HPP, both l =1/2+i and l =1/4±i are special and therefore particularly interesting. They have unit fringe visibility, caused by the orthogonality of the signal and idler analyzer modes at those relative orientations where the coincidence probability is zero. Expected coincidence probability as a function of the difference angle ␣ in the case of analyzers containing ͑a͒ matched SPPs and ͑b͒ matched HPPs. The fringe is parabolic for all values of l except when l is integer valued, in which case the fringe has zero visibility. The visibility is unity for any value that differs by half from an arbitrary integer i and ͑b͒ also in the case that the difference is 1 / 4.
IV. CLASSICAL FIDELITY OF THE ANALYZERS
Because of the phase discontinuities in the phase plate, the analyzer mode is represented by a large superposition of Laguerre-Gauss modes; we use numerical methods to decompose the mode for the two types of analyzer under discussion ͓26͔. We define the fidelity F of the decomposition into a certain set of Laguerre-Gauss modes, by adding the absolute squares of the coefficients of the components,
where ͉u͘ is the analyzer state and ͉u nm LG ͘ is the state for which ͗r , ͉ u nm
LG ͘ is the Laguerre-Gauss mode function with indices n and m, and mode order n + m ͓22͔. The fidelity thus quantifies how well a specific subset of Laguerre-Gauss modes ͑specified by an upper bound P to the mode order͒ reproduces the original analyzer mode. The fidelity as a function of P is plotted in Fig. 4 for both the SPP and HPP. For the SPP, the curves for both l = 0.49 and l = 3.48 are plotted, to indicate the significance of the integer part of l in that case. For the HPP, a single curve is plotted, showing the results for l = i + 0.49; the integer part i of l has no effect here. As such, the single HPP curve can in fact be compared to both SPP curves plotted in Fig. 4 . The results suggest that for a l = 0.49 SPP, fewer modes are needed to reach a certain fidelity.
We show the results for half-integer values of l in Fig. 4 not only because the coincidence fringe has unit visibility, as discussed before; also, the edge dislocation has the most disruptive impact on the smooth, fundamental Gaussian fiber mode for a relative phase difference of , i.e., at half-integervalued l. There the field acquires a phase jump of over an, in principle, infinitely small distance in the transverse plane in a region of nonzero field ͓23͔. This makes the size of the modal decomposition maximal. Figure 4 enables us to find the fidelity for a specific modal bandwidth. As an example outside the range displayed in Fig. 4 , we find from a fit to the numerical data for the SPP that a modal bandwidth of 1.25ϫ 10 5 results in F = 98%, while for the analyzer with an ideal HPP this fidelity requires a modal bandwidth of 0.6ϫ 10 5 . Of course, the optical system that transfers the light from the source to the analyzer must be chosen to have a sufficiently large numerical aperture so as to not limit the modal bandwidth by diffraction.
V. FABRICATION AND SPECIFICATIONS OF THE PHASE PLATES
The only part of each analyzer that needs to be custom made is the phase plate. The two phase plates are manufactured using different techniques, as explained here.
The manufacturing of the SPP has been discussed elsewhere ͓16͔. In summary, it is fabricated by first machining the "negative" of the desired plate into a brass piece using a diamond tool. Into this mold, which is treated with an antistick coating, liquid polymer is poured. A fused-quartz substrate, prepared so as to adhere to the polymer, is put on top of the liquid. After cross-polymerization with UV light, we obtain a polymer SPP that is firmly fixed to the fused-quartz substrate.
Due to the complex shape of the SPP, the small height of the step, and the finite size of the diamond tool, the brass mold does not have the ideal shape. For instance, the step of the SPP is not as steep as one would wish, but has a linear profile with an azimuthal width of 6°. Numerical calculations show that this has no major effect ͑Ͻ5%͒ on the number of participating modes for a given fidelity. This lack of sensitivity to the steepness of the step seems surprising at first. We believe, however, that it is mainly the abrupt transitions between the slowly spiraling ramp and the narrow, steep step region that carry the large modal bandwidth.
The part of the mold that is most difficult to machine is the center. Ideally, this center is infinitely small and represents a point discontinuity in the depth of the mold. In reality, this center has a finite extent ͑Ϸ300 m in diameter͒, which is, however, much smaller than the diameter ͑8.4 mm͒ of the plate.
At the wavelength of the SPDC twin photons, = 813 nm, the obtained SPP is almost exactly half integer, with l Ϸ 3.48, as designed. We deduced this value by using a variety of interferometric methods and also by studying the farfield intensity profile.
In experiments where the SPP is to be rotated, another weak point of the device becomes apparent, namely, the presence of a spurious wedge. The procedure where the sub- strate is pushed onto the liquid polymer inside the mold is not fully controlled. Consequently, the orientation of the SPP's central axis is almost, but not completely, perpendicular to the fused-quartz substrate. This results in a slight wedge so that a laser beam propagating through the plate is deflected by a few rad.
The fabrication of the HPP is obviously much less challenging. We made these devices by taking a fused silica substrate ͑transverse dimensions 28ϫ 28 mm 2 ͒, covering half of it with a shadow mask and depositing a thin layer of SiO 2 on the bare half. This results in a step with a width of about 100 nm, while the smooth part only contains errors of the order of a nanometer. The fabricated phase plate is then cut in half, perpendicular to the step, to obtain two phase plates with a rectangular shape.
With the use of a HeNe laser and a Fabry-Perot interferometer, we measured the step height to be h = 878± 8 nm. At the HeNe wavelength of 632.8 nm, this corresponds to l Ϸ 0.64. At a wavelength of 830 nm, close to that of the SPDC twin photons, this corresponds to l Ϸ 0.49.
VI. CLASSICAL EXPERIMENTS
The quality of the analyzers can be tested by using them in suitably designed classical experiments. The deviation of the experimentally obtained data from the expected results gives a qualitative estimate of the impact that manufacturing inaccuracies will have on the final quantum-entanglement experiment. Additionally, these classical tests bring forward any difficulties that may arise in aligning the analyzer, which would appear again in the alignment of the quantum entanglement setup.
First, we investigate the quality of the farfield intensity profiles using a laser tuned to = 813 nm. The measured profile of the analyzer mode generated with a SPP, as seen in Fig. 5͑a͒ , shows good agreement with the numerically calculated profile for an ideal SPP with l = 3.48 ͑Fig. 5͑b͒͒. In the experiment, the dark spots, which betray the presence of vortices ͓13,19͔, are excellently reproduced. The full width at half maximum of the incident Gaussian intensity profile was chosen so that the experimental farfield pattern would best resemble the calculated pattern. We found that a beam with a FWHM diameter of 2 mm was optimal within the constraints given by the overall size of the plate and the diameter of the central anomaly; this balances the detrimental effects of the central anomaly and the radial cutoff of the Gaussian tail by the finite size of the plate.
The measured farfield profile of the analyzer mode using a HPP, as shown in Fig. 5͑c͒ , is nearly identical to the calculated profile for l = 0.49 in Fig. 5͑d͒ , where the effect of the HPP practically corresponds to the Hilbert transform. Both phase plates appear to be of high quality. The next step is to verify how well a phase plate can transform its analyzer mode back into a fundamental Gaussian. In theory, this should, of course, work perfectly. To check this experimentally, we built a setup in which we first generate an analyzer mode using one analyzer in the timereversed way, and detect that field mode with the second analyzer with the identical rotational setting. The setup is shown in Fig. 6 . The fiber of the second analyzer is connected to an intensity detector. With a numerical aperture of 0.12 for the whole system, the resulting normalized throughput for both variants of the analyzer was about 98%, which is very good, considering the numerical aperture.
In fact, adopting the model of advanced waves by Belinskii and Klyshko ͓24͔, the setup of Fig. 6 provides a preliminary test of the shape of the coincidence probability function in the quantum experiment when rotating the signal and idler analyzer plates with respect to each other ͑see Fig. 3͒ . In that model, the nonlinear crystal and pump beam are substituted by a "geometrical reflection" mirror ͓24͔, whose characteristics are determined by the crystal and pump-beam properties. The advanced wave then propagates, in a time-reversed manner, from the detector through the signal analyzer, reflects off the mirror, and propagates toward the idler analyzer, the output of which is coupled to an intensity detector. FIG. 5 . Farfield intensity profiles of the analyzer modes, where black corresponds to zero and white to maximum intensity. ͑a͒ The experimentally obtained profile of an analyzer mode with a SPP with l = 3.48 and ͑b͒ the numerically calculated profile. ͑c͒ The analyzer mode with a HPP with l = 0.49 measured in the experiment and ͑d͒ calculated numerically.
FIG. 6. ͑Color online͒ Classical setup to verify the efficiency of the analyzer to couple the analyzer mode into a fundamental Gaussian mode. A laser beam propagates from the mode generator, through a 1:1 imaging system, toward the mode analyzer. This is in fact a classical setup that mimics the quantum setup according to the advanced-wave model, where the left and right analyzers correspond to the signal and idler analyzers, respectively. In the middle of the telescope, we indicate the position where the geometrical reflection mirror in the advanced-wave model would be placed if the setup was folded.
To achieve maximal spatial entanglement of the twin photons, one should use an infinitely thin crystal and a planewave pump beam. Although this cannot be truly realized experimentally, in practice the crystal and pump parameters can be chosen so that close-to-maximal entanglement is achieved for a large subset of spatial states ͓6͔, i.e. the ideal situation can be approached very closely. In the advancedwave formalism, the thin crystal and plane-wave pump beam become a flat front-surface reflecting mirror with angleindependent reflectivity. Then it is also allowed to omit the mirror entirely and unfold the setup, resulting in Fig. 6 . Thus, on the basis of the advanced-wave model, one may conclude that the setup of Fig. 6 will yield a prediction for the coincidence probability curve of the experiment of Fig. 2 in the limit of a thin nonlinear crystal and plane-wave pumping.
For the case where two analyzers with complementary SPPs were used, we measured this curve for two wavelengths, namely 813 nm ͑l = 3.48͒ and 780 nm ͑l = 3.77͒. The results are shown in Fig. 7͑a͒ , where the experimental data are compared to the theoretical prediction. The experimental curve is seen to sag below the calculated curve. We attribute this to alignment difficulties, more precisely, to the fact that the longitudinal axes of both SPPs do not perfectly coincide with the axis of the single-mode fibers, and with the propagation axis of the incident light. On top of that, one SPP has to be rotated, so that its rotation axis must also coincide with the other axes. Unfortunately, control over the alignment of all these axes, although quite good, was not sufficient. Moreover, part of the discrepancy between experiment and theory may be attributed to the remaining wedge in the SPP.
For the HPPs, we have repeated the same experiment with a HeNe laser ͑l = 0.64͒ and diode laser operating at a wavelength of 830 nm ͑l = 0.49͒; at the latter wavelength, the operation of the HPP is approximately equal to a Hilbert transform of the transverse momentum distribution. The measured fringes and the theoretical predictions are plotted in Fig.  7͑b͒ . For this analyzer, agreement between theory and experiment is excellent. The difference in quality of the results of the two analyzers reflects that of the two types of phase plates. The simplicity of the HPP as compared to the SPP with regard to manufacturing accuracy, control over the wedge angle and, very importantly, the lack of a longitudinal axis, simply translates into a superb performance.
VII. CONCLUDING DISCUSSION
In this paper, we have compared two types of highdimensional spatial mode analyzers, which can be used for observing high-dimensional entanglement. They differ by the use of the phase plate that is incorporated, namely the spiral phase plate and the Heaviside or step phase plate. We have found that, while both can be used equally well to study high-dimensional entanglement, technical and experimental aspects of the Heaviside phase plate are superior.
Both analyzers, when used as discussed here, yield a coincidence fringe that is parabolic. This does not at all imply that all conceivable analyzers ͑i.e., using other space-variant phase plates͒ will yield this shape. Depending on the topology of the phase plate that is used, and the degree of freedom that is used as an analyzer setting, in principle, any fringe shape can be found. For instance, both phase retarders discussed here only operated as a function of the azimuthal angle. One could think of adding the radial degree of freedom to both the phase plate and as an analyzer setting ͑i.e., magnification͒. We intend to explore this great richness in the near future. Whether a different shape of coincidence fringe will expose more information regarding the nature of high-dimensional spatial entanglement remains an open question.
As a final remark, we have tried to use a spatial light modulator ͓25͔, instead of a manufactured phase plate. With this device, almost any arbitrary 2D phase profile can be generated, which is a highly attractive feature. However, during our study, several problems, such as an unspecified and unwanted curvature of the output wavefront, led us to abandon this route. FIG. 7 . Normalized intensity as a function of the difference angle ␣ for two different values of l. ͑a͒ When using SPPs, the overall shape is reproduced well, aside from some discrepancies caused by alignment difficulties. ͑b͒ For HPPs, agreement between theory and experiment is excellent.
